INTRODUCTION
All roman letters in this article denote positive integers, unless indicated otherwise, and denotes the sum-of-divisors function.
There is a great deal of literature concerning the iteration of the function (n) ? n, much of it concerned with whether the iterated values eventually terminate at zero, cycle or become unbounded, depending on the value of n. See Erd} os et al. 1990; Guy 1994, p. 62] for details. Less work has been done on iterates of itself. We de ne 0 (n) = n and m (n) = ( m?1 (n)) for m 1, and we call n (m; k)-perfect if m (n) = kn. The classical perfect numbers are (1; 2)-perfect. Multiperfect For a simple proof of these facts, we note that, since (n) = n P djn (1=d), we have ( (n)) = n X djn 1 d X ej (n) 1 e :
(1.1) Suppose n is m-superperfect and 2 a k n (that is, 2 a j n but 2 a+1 -n). Then, for m 2, 2 = m (n) n ( (n)) n 1 + 1 2 + + 1 2 a 1 + 1 2 a+1 ? 1 = 2:
So as not to have a contradiction, we must have equality throughout. Thus, m = 2, n = 2 a and 2 a+1 ? 1 is prime. Kanold 1969] showed that an odd superperfect number must be a perfect square. This is similarly proved, using (1.1). For suppose n is superperfect, and that (n) is even. Say 2 a k (n), so that (2 a+1 ? 1) j n since n is superperfect. Then 2 = ( (n)) n 1+ 1 2 a+1 ? 1 1+ 1 2 + + 1 2 a = 2: Since we must have equality, we have both (n) = 2 a and n = 2 a+1 ? 1. This contradiction means that (n) must be odd, so, if n is odd, then n is a square.
Other work on the iteration of has concerned whether s m = lim inf n!1 m (n) n is nite or not. See Maier 1984], where s 3 is shown to be nite, and for the history of this problem.
In this paper, we will give particular attention to some questions raised in Erd} os et al. 1990] . The authors list the following six statements (reproduced in Guy 1994, pp. 97{98]), with the comment: \We can neither prove nor disprove any of these statements."
(i) For any n > 1, m+1 (n)= m (n) ! 1 as m ! 1.
(ii) For any n > 1, m+1 (n)= m (n) ! 1 as m ! 1.
(iii) For any n > 1, ( m (n)) 1=m ! 1 as m ! 1. (iv) For any n > 1, there is m with n j m (n). (v) For any n; l > 1, there is m with l j m (n).
(vi) For any n 1 ; n 2 > 1, there are m 1 , m 2 with m 1 (n 1 ) = m 2 (n 2 ). We will give some computational evidence to indicate that statements (ii), (iii), (iv) and (v) are true, and that statements (i) and (vi) are false.
Hausman 1982] has considered questions corresponding to some of those here for the Euler phifunction. In particular, she has completely characterised all n such that n = k' m (n), where ' m is de ned analogously to m . Table 1 gives all (2; k)-perfect numbers up to 10 9 . In Cohen and te Riele 1995], we also give all (3; k)-and (4; k)-perfect numbers up to 2 10 8 . They are given in terms of increasing values of k. Corresponding lists, given as originally obtained with n increasing, are available from the authors. All the following comments arise from inspections of such lists.
TABLES OF (m; k)-PERFECT NUMBERS
Many conjectures can be made, along the lines of that in Guy 1994, p. 48] that there are only nitely many (1; k)-perfect numbers for k 3. That particular conjecture is well-supported by the list that has been accumulated by Schroeppel 1993], showing over 2000 such numbers, which is almost three times the number that were known just three years ago, and especially by the facts that no new (1; 3)-perfect numbers have been found in the last 350 years, nor any new (1; 4)-perfect numbers in the last 65 years. On the other hand, if the well-known conjecture that there are in nitely many powers N p is true, there are in nitely many (1; 2)-perfect numbers.
There is a parallel situation with (2; k)-perfect numbers, of which there are families involving the powers N p . Besides the well-known result that N p is (2; 2)-perfect, we know that: (l) are relatively prime, the number 2 a l is (2; 2 ?a k ( (2 a )))-perfect.
Proof. Since l is odd we have (2 a l) = (2 a ) (l), and since ( (2 a ); (l)) = 1 we have ( (2 a l)) = ( (2 a )) ( (l)) = ( (2 a ))kl = 2 ?a k ( (2 a )) 2 a l:
As a corollary, when (2 a ) is a (Mersenne) prime the condition 2 a j k ( (2 a )) is true and, provided (2 a ) -(l), the number 2 a l is (2; 2k)-perfect. The statements (A), (B) and (C) above all arise from an application of this theorem to the ve nontrivial examples of odd (2; k)-perfect numbers in Table 1 . Furthermore, we may, for example, apply the more general result of Theorem 2.1 to the (2; 4)-perfect number 3 7 19 73, with a = 5, 9, 13 (but to no other values of a that we could nd). In this way, we can deduce a family of (2; k)-perfect numbers (with varying k) that is \larger" than the set of Mersenne primes.
No other possibly in nite family of (2; k)-perfect numbers has been noticed, and we may conjecture that, apart from the above, there are only nitely many of these numbers for each k. We would also make the uncharacteristic conjecture that all (2; 4)-perfect numbers are odd! Notice from Table 1 that we have found (2; k)-perfect numbers for all k 16, except for k = 5, and we conjecture that there are no (2; 5)-perfect numbers.
No pattern has been discerned in (m; k)-perfect numbers, with any m 3, and we conjecture that there are only nitely many for each k.
Some interrelationships between the tables have been noticed. The following facts, for example, are easily veri ed.
(D) If n is (2; 4)-perfect, n is odd and 7 -(n), then n is (4; 32)-perfect. (E) If n is (2; 7)-perfect, 7 -n and 2 2 k (n), then n is (4; 63)-perfect. The next result can be contrasted with the easily proved result that the equation (2n) = 2 (n) has no solutions.
Theorem 2.2. The equation ( (2n)) = 2 ( (n)) has in nitely many solutions.
Proof. We need only verify that this equation is satis ed by n = 2t for any t with (2; t) = (3; (t)) = (7; (t)) = 1, and that any prime t 1 (mod 21) satis es these conditions. There are in nitely many such primes. This theorem can be generalised in various ways. For example, we have ( (2 a n)) = 2 a ( (n)) when n = 2 a t, where (2; t) = (2 a+1 ? 1; (t)) = (2 2a+1 ? 1; (t)) = 1 and 2 a+1 ? 1 and 2 2a+1 ? 1 are primes. The latter is the case for a = 1 (as in the proof), and a = 2, 6, 30.
IS EVERY NUMBER (m; k)-PERFECT?
In support of statement (iv) from the Introduction, that all numbers n are (m; k)-perfect for m large enough, we have successfully tested all values of n up to 1000. In this connection, it is convenient to de ne e m(n) = inf m 1 : m (n) n is an integer ; k(n) = e m(n) (n) n :
(If e m(n) is in nite, we understandk(n) to be innite also.)
Representative values of e m andk are given in Table 2 . A more complete version of this listing Cohen and te Riele 1995, Table 4 ] gives the data for all n 400.
We will comment on the more computationally di cult cases later; they tend to be those for which e m(n) > n. There are fourteen such cases up to n = 400, namely n = 3, 11, 29, 53, 58, 59, 67, 101, 109, 131, 149, 173, 202, 239 .
The values ofk(n) of course become extremely large, the largest observed value in Table 2 (n) tn M+a (n) e m(n) (n) = k (n) t : Clearly, < 1, completing the proof. In fact, this number would be expected to be quite small. (13). In each case, the other conditions of Theorem 3.1 must also be veri ed. It is easy to nd solutions of (3.1), and we have done this for n 500, M + a 30 and t 150. There are a great many solutions, though not all satisfy the other conditions of the theorem. In all acceptable cases, we con rmed that, in the notation of the theorem, e m(tn) = e m(n) ? a. Here are some of those examples, giving extensions of Table 2 : (197). In (g), for example, where 6698 = 17 394, it is clear that we need to know at least the small prime factors ofk(n) for each n in order that the condition t jk(n) might be checked. These small prime factors, namely those less than 20, have been included in Table 2 .
There is no reason, in (3.1), why a cannot in fact be zero or negative (provided M + a > 0). We found one instance of this in the above search: over a much larger range. For t 4, m 12 and n 10 5 , the solutions are listed in Table 3 . Note that for any pair (m 0 ; n) that satis es (3.2) for some t, we also have the solutions (m; n) for all m m 0 .
Following on from this, can it be proved that the equation ( (2n)) = ( (n)) has no solutions? (2; 8; 404) (2; 6; 6938) (2; 7; 15488) (2; 8; 20800) (2; 4; 21086) (2; 4; 25056) (2; 8; 27712) (2; 4; 31840) (2; 4; 33376) (2; 4; 35872) (2; 6; 47166) (2; 4; 67320) (2; 6; 69626) (2; 4; 79880) (2; 4; 84120) (2; 4; 84744) (2; 4; 86904) (2; 4; 87768) (2; 4; 95064) (2; 4; 95896) (3; 10; 633) (3; 6; 52491) odd, and found no solutions.
DISCUSSION OF THE SIX STATEMENTS
The preceding section has been largely concerned with statement (iv) of the six by Erd} os et al. 1990] given in the Introduction. This was also posed by Carl Pomerance as unsolved problem 94:13 at the Western Number Theory Conference in December 1994 at San Diego. The following slightly edited comment accompanied the problem: \It is inconceivable that the conjecture is false. Each (odd part of) n divides 2 rs ? 1 for a suitable s and all r, and (2 rs?1 ) = 2 rs ? 1. As m increases, m (n) increases quite rapidly, and so does the power of 2 it contains, albeit very erratically. How can the sequence of exponents of 2 avoid all members of the arithmetic progression rs ? 1?"
We observe next that Theorem 3.1 shows some relationship between statements (iv) and (vi) in the Introduction, in that a value for m for which tnj m (tn) may be inferred from a suitable solution of m 1 (n) = m 2 (tn). If we write n 1 , n 2 , for n, tn, respectively, in Theorem 3.1 then clearly we have n 1k (n 1 ) = n 2k (n 2 ):
Furthermore, given n 1 and n 2 , if we notice that (4.1) is satis ed then we have a solution of the equation m 1 (n 1 ) = m 2 (n 2 ), namely m 1 = e m(n 1 ) and m 2 = e m(n 2 ). This demonstrates a relationship between the two statements in the reverse direction. We have observed from Table 2 the following nine instances of pairs (n 1 ; n 2 ) that satisfy (4.1), but in which n 2 is not a multiple of n 1 : (7; 24), (9; 168), (10; 12), (14; 24), (18; 120), (36; 168), (62; 96), (72; 336) and (341; 384) .
While Table 2 and the further computations for n 1000 support the truth of statement (iv), we do not believe that statement (vi) 2; 5; 16; 19; 27; 29; 33; 49; 50; 52; 66; 81; 85; 105; 146; 147; 163; 170; 189; 197; 199: (4.2) The approach here was as follows. We calculated the sequences f i (n)g for each n, 2 n 200, and determined which sequences were such that the rst term exceeding 10 10 equalled such a term from an earlier sequence. There were 21 ( 1 ; 200; 10 10 )-trees obtained this way, and these were tested further for intersection by determining the values of the rst terms that exceeded 10
200
. The trees remained distinct, and we conjecture that this will stay true as 3 ! 1.
We also found 64 ( 1 ; 1000; 10 100 )-trees. Some evidence for statement (iii) in the Introduction is provided by the further computations that extend those for We also used the 21 (n; 200; 10 200 )-trees, with n = 1 in (4.2), to investigate statements (i), (ii) and (iii). The results are summarised in Table 4 . We remark that if statement (iii) is true and the sequence f( i (n)) 1=i g is eventually monotone, then (ii) is true, since ( i+1 (n)) 1=(1+i)
Our computations strongly suggest that indeed the sequence f( i (n)) 1=i g is eventually monotone, for every n. We turn nally to statement (v). As evidence in favour of this statement, we showed that every number up to 400 occurs as a divisor in the sequence f i (n)g, for each of the 21 values of n in (4.2). The results are summarised in Table 5 . We give in that table the \hard" divisors, those that did not divide any term of f i (n)g for some n in (4.2) and i j 2 , with j 2 as in Table 4 ; and, for each such divisor d, we give the rst index i > j 2 for which d j i (n). The largest such index for each n is marked by *, so every number up to 400 divides a term of this sequence for some value of i up to the marked value. For example, all positive integers less than or equal to 400, except 239 and 389, divide a term of (2). Not surprisingly, the larger megaperfect numbers less than 400 are in the list of hard divisors. Table 2 was computed independently by Robert Harley. In particular, he computed e m(n) andk(n) for n 658, and the i (659)-sequence up to i = 1035.
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